A new analytical model was developed to predict the gravity wave drag (GWD) induced by an isolated 3-dimensional mountain, over which a stratified, nonrotating non-Boussinesq sheared flow is impinged. The model is confined to small amplitude motion and assumes the ambient velocity varying slowly with height. The modified Taylor-Goldstein equation with variable coefficients is solved with a Wentzel-KramersBrillouin (WKB) approximation, formally valid at high Richardson numbers. With this WKB solution, generic formulae of second order accuracy, for the GWD and surface pressure perturbation (both for hydrostatic and non-hydrostatic flow) are presented, enabling a rigorous treatment on the effects by vertical variations in wind profiles. In an ideal test to the circular bell-shaped mountain, it was found that when the wind is linearly sheared, that the GWD decreases as the Richardson number decreases. However, the GWD for a forward sheared wind (wind increases with height) decreases always faster than that for the backward sheared wind (wind deceases with height). This difference is evident whenever the model is hydrostatic or not.
Introduction
It is well recognized that the orographic gravity wave drag (GWD) depends critically on the vertical structure of the ambient wind profiles [1] . In a recent paper, Teixeira, et al. [2] investigated the GWD induced by a 3-dimensional (3D) mountain when a stratified Boussinesq flow crosses it over. Their results show that the vertical variations of the ambient wind influence the GWD greatly. However, we here reinvestigated analytically the behavior of GWD in the presence of shear and curvature in wind profiles for a non-Boussinesq flow. Our results show that some phenomena discovered in numerical simulations but failed to be explained by the Boussinesq model in Ref.
[2] become quite clear in the present framework.
The structure of this work is arranged as following: In Section 1, the Taylor-Goldstein equation (i.e, the equation of the vertical velocity perturbation) with variable coefficients is solved to the second order accuracy using a WKB approximation [2] . Then in Section 2, analytical formulae are presented for both the GWD and surface pressure perturbations (where the former is balanced by the latter according to Newton's third law on mechanics [1] ) in the presence of vertical variations in wind profiles, and following this, their more compacted forms are obtained under hydrostatic approximation. In Section 3, an ideal test is conducted to prove that for the non-Boussinesq flow, the GWD depends critically not only on the strength of the linear shear but also on its direction; however, this dependence would not be revealed even by the non-hydrostatic Boussinesq model. Finally, simple conclusions are drawn in Section 4.
WKB model
Without loss of generality, we assume that the 3D non-Boussinesq flow considered is steady and non-rotating, and the dynamics involved is adiabatic and inviscid [3] [4] [5] [6] . Let U ≡ (U (z), V (z)), ρ(z) be, respectively, the velocity and density of the ambient flow, which are height dependent and vary nevertheless slowly in vertical; and the non-dimensional height h ≡ N h 0 / U (z = 0)
1 , where h 0 is the maximum height of the mountain, N (constant) is the Brunt-Väisälä (or buoyancy) frequency of the ambient flow, operator · means taking the modul of a certain vector.
After some manipulations onto the governing equations for the small amplitude motions (see Appendix A), the Taylor-Goldstein equation for the non-Boussinesq flow is given aŝ
where ∂ ∂z has been designated by subscript z, Γ 1 is the stratification parameter, and U n = U cos σ + V sin σ is the component of the ambient wind when projected into the direction of the horizontal wave-number vector K ≡ (k, l) = K(cos σ, sin σ). Note, hydrostatic approximation can be included or excluded in Eq.(1) simply by taking δ 1 = 0 or δ 1 = 1.
Since it is assumed in prior that U and consequently U n , varies slowly with height, Eq.(1) can be solved analytically using the WKB approximation. Thence, introducing some small parameter , defining the transform Z = z and rewriting Eq.(1) yields
where ∂ ∂Z has been replaced by (·). Further, take the wavelike solution satisfying the radiation condition at Z→∞ (i.e., the solution whose Re(m) has the same sign with U n ) as follows:
where
is the vertical wave-number, i is the imaginary unit. Thus together with the lower boundary condition
where U n0 is the U n when evaluated at z = 0 (or Z = 0),η(k, l) is the Fourier transform of mountain shape function η(x, y), Eqs.(2), (3) and (4) form a complete boundary value problem of a second order ordinary differential equation (ODE). Then by entering Eq.(3) into Eq. (2), and sorting the results to the second order O( 2 ), one
